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Last week
• If GBH but G# It, then alG✗HKaq(G✗H):/ VIGIL.
• 7yd SH NR¢n☐K¢n)<4ny

"

,
but ✗ lr¢n☐K¢n)=2

""

.

• XqlG) <I!÷, is possible, e.g .
LlPaley1915--44Km )) .

• ✗ql2G) > 2×216) is possible .
• G# It ⇒ ⑤(G)FOCH) i.e. ④ is quantum homomorphism monotone .
• Thus wqlG)5016)EXqlG) .

Remarks

• Variants 0
-

+ Ot due to Schrijvertszegedy resp .

wkh-w.cl#wptG)EO-lG)EOTGK-OttG)EegflG)EXqlG)ExlG)
GIGI

• For a few years the thetas were ✗
+
b)

the only known efficiently computable upper/lower
bounds on ✗

q, wq , ✗q etc .

• Recently , Elphick + Wocjan land sometimes others) have

shown that many known spectral bounds on classical

parameters are also bounds on their quantum counterparts.



The Inertia Bound
Let M€¢

""

be a Hermitian matrix.

n'TMI number of positive eigenvalues of M
n°lM) :=

" "

zero
" " "

ñlm ) :-.
" "

negative
" " "

lntlml.no/M1.n-lMD:---- inertia of M (n=nt+n°+ñ )

theorem-IC.ve/-koviE)-:Le1tM be a Hermitian

weighted adjacency matrix for G, i. e. Mur -0

if uxv
.

Then

✗(G)⇐ n9MJ + min { ntlm),ñlM) } .

Proof uses interlacing .

-

Hermitian

XY.IM/:--- ith largest eigenvalue ofMlincluding multiplicities)
ii. (M ) : -_ " smallest " " " " ' '

HIM > HIM)z . .
. >_ÑnlM )

HIM / c- HIM ) E. . .EÑnlM )



T-ntertacingtheorem-Letmc.ch
"

be Hermitian

and let Re¢
""
best

.

R*R-=I c-¢""
.
Then

Html >_ X:(R*MR ) Yi :L, . . ,k
and

ÑlM)_ X:(R*MR ) Yi :L, . . ,k .

foroHary:_ Let ME¢
""

be Hermitian and let

M
"

be a kxk principal submatrix of Mi . Then

Html > ¥1M
'

) Yi :L, . . ,k
and

Ñ(M)_Ñ:(M '

) Yi:|, . . ,k .

Proo Let i, , . . . .in be the row/column indices

of M
'

.

Then R --Élijxjl c- ¢
""

satisfies
j:L

R*R=I & R*MR=M '
.



theorem-K.ve/-koviE)-: Let M be a Hermitian

weighted adjacency matrix for G, i. e. Mur -0

if uxv
.

Then

✗(G)⇐ n9MJ + min { ntlm)
,
ñlm) }

.

Proo Suppose SEVIG) is an independent set

of size ✗ (G)
.
Let M be a Hermitian weighted

adjacency matrix for G. Let M
'

be the

principal submatrix of M consisting of the rows/columns

indexed by the elements of 5
.
Then M

'

:O

and ¥1M)z HIM '

) =D for i. 11
,
. . . ,
✗ 14

.

Thus n°1M) + ntlm) >_ ✗ (G) . Mn✓=0 if uxv

Similarly n°1-MI + nttmlz ✗ (G)
11

n°1M ) * ñlm ) n' + min Ent ,ñ }

Elzinga +Gregory : can we always attain equality
using some real symmetric M?

John Sin Kovic 12016) : No
, Paley 117) .

What about complex Hermitian M ?



T-sotropicsubspacesletm.cc""

.
A subspace UECI

"

is M- isotropic
if Cxlmly> =D YX

,yell .

Lemma (Elzinga +Gregory/Elphick +Wocjan)

Let ME ¢
""

be Hermitian
. Then the maximum

dimension of an M- isotropic subspace is

n°lM)+min{ n'-1Mt ,ñlM1 } .

Proof : WLOG let n
-

En ! First we show

this dimension can be attained .

It:> i :b . - in
'

}fnH
set of MM?> =D

orthonormal
Hi> i :L

,
. . .,ñ eigenvectors MIY: 7=1514:>, his 0

141. > i. 1, . . . ,n+
for M with

MIY! > = #14;D
,
at>0

+0
Define 19.7=14! > +

"
14:> for i :L

, . .,n-

Then <9:19; > =<9ilMl9;> =D if i=j =\

and 19: IMIG:> = a ;KYiTÉ> + Xi KY:-14.7

=D? - =D
.



Thus span ( 44? > : i :L, . . . .no}V{ 19;) : i
--1
, . .

.,n- 3)
is an M- isotropic subspace of dimension
not vi. (Ei:(Y?/+Epic#MIE di 14?> + EB:/ 9; > ) :O

Now let U be any M
- isotropic subspace

and let V= span / { 14! >
: : --1, . . . ,n+ } ) . Then

UAV-- { 0} and thus

n'
-

+ n'+ n
-

= nzdimlutv)

= dimlllltdimlv) - dimlllnv )

= dimly ) tht .

Therefore dimly)sn°+ñ.

'

AHernativeproofofinertiaboundlchr.is#:

If SEVIG) is an independent set , then

span / { Iv) : VES} ) is an M- isotropic subspace
for any weighted adjacency matrix Nl since
( ulMtv> = Mur __ 0 for v.v c- 5

.

Didn't need M to be Hermitian .



Optimized inertia bound :

min {max {dimly ) : U is M- isotropic} : M is awtidadjmtx}
take M optimal here

Elzinga - Gregory 's question : is this equal to ✗ (G) ?

What about

ñlG):= max { dim IU ) : U is M- isotropic f- wt 'd adjmtsm} ?
take it that is optimal here

lennmalduan.severini.lt/inter):-IlG)-- ✗ (G) .

✗(G) ENG) : Smaxindpt set, take U -

- span { Iv> : v es } .

ItG)c- ✗(G) : show { VEVCG) : Iv> ¢ Ut } is an independent set.

⇒ dim lutes (G) .

Elzinga + Gregory 's question : is there always a wt 'd adj mtx

M with maximum M- isotropic subspace U sit
.

U is M
'

- isotropic for all wtid adjusts M
'

?



Elphick twocjan
F-uEv=0 if u- v

RI : xp (G) = sup {¥4.pk/F-v):vHEvElCdHisaproj.pack.3The-remElphick&Wo-jan:Let M be a Hermitian

weighted adjacency matrix for G.

Then xp(G) E- NYM ) + min { ntlm) ,ñlM) } .

Proof:_ Let v1→E✓E¢d✗d be a proj. pack.

For each ✓ c-VIG)
, spectrally decompose F-

✓
as

F-v=É
,

IYIXYII where rirk/Eu).

Define
yay> =w> ☒Hi> c-¢

"" Ed
.

the"
<pity;) :{ vlu> <Yilyj> = 0 unless v=u&i=j,

" "d
(9iKM ☒I.a)19,57=41Mtu> CY!/ Yj> =D .

=D
unless u- u

±?f ✓- u



Therefore
, span { 19?> : ✓ c-V16 )

,
i c-[rid} is

an M☒Id - isotropic subspace of dimension Erk/Eu ).

Th " "
'

§rkfEv)En°lM☒Id)+min{nYM☒Id),ñlM☒IdB
=d(n°lM ) +min '{n'-1M ) ,ñlMB) .

⇒ I§rklEdEn°lM ) +min '{n'-1M ) ,ñlMB .
☐

Corollary : There is no Hermitian weighted

adjacency matrix M for LlPaley/9)) with

✗ (LlPa1eyl9D=nYM1tmin{ n'TM) ,ñlM) } .



Say that a matrix fits G if Mij
--0 whenever i #jtixj.

Proposition /Duan , Severini, Winter ) :

714,7, . .,Mr > c-¢
""
s.t.LY

,-14J>= sij
✗ (G) = Max# c- IN and { Yi /NIIYJ > =D if i-tj for all}

M that fit G.

Proof : Exercise
.

theorem
.

fly
, ), . .,|yr> c.

'"
☒Eds.t.LY,lYj ) : sij

✗plG)= snap ma and CY;lM☒Id 1%7=0 if i#j }}
for all M that fit G.

Proof : Exercise
.

The mail in the above expression for xp /G) is equal

to the one-shot zero-error classical capacity of the

o←tm channel consisting of a noiseless quantum channel

of dimension d and a noisy classical channel with confusability

graph G. See arXiv : 1002.2514 for definitions .


